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Abstract
The spectrum of tetraquark states with hidden charm is studied within an effective
Coulomb gauge Hamiltonian approach. Of the four independent color schemes, two
are investigated, the (qc¯)1(cq¯)1 singlet-singlet (molecule) and the (qc)3(q¯c¯)3 triplet-
triplet (diquark), for selected JPC states using a variational method. The predicted
masses of triplet-triplet tetraquarks are roughly a GeV heavier than the singlet-
singlet states. There is also an interesting flavor dependence with (qq¯)1(cc¯1) states
about half a GeV lighter than (qc¯)1(q¯c)1. The lightest 1
++ and 1−− predictions
are in agreement with the observed X(3872) and Y (4008) masses suggesting they
are molecules with ωJ/ψ and ηhc, rather than D
∗D¯∗ and DD¯, type structure,
respectively. Similarly, the lightest isovector 1++ molecule , having a ρJ/ψ flavor
composition, has mass near the recently observed charged Zc(3900) value. These
flavor configurations are consistent with observed X, Y and Zc decays to pipiJ/ψ.
1 Introduction
With the recent observed Higgs boson candidate at the LHC, the weak sector
of the standard model may be approaching closure. However the strong inter-
action component is far from complete, especially hadronic structure where
intense searches are under way for unconventional (non qq¯ or qqq) states.
Indeed QCD allows for other color singlet combinations, such as glueballs, hy-
brid mesons, tetraquarks, pentaquarks and dibaryons. As early as 1977 qqq¯q¯
tetraquark states were proposed [1] and today there are now good candidates,
the pi1(1400) and pi1(1600) [2,3], listed in the PDG meson summary table [4].
These states have unconventional quantum numbers JPC = 1−+ which are not
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possible for a qq¯ system and have been reasonably described [5] as (qq¯)1(qq¯)1
color singlet-singlet states referred to as molecules. In the heavy quark sector
no states with unconventional quantum numbers have yet to be confirmed.
However, there are hidden charm states, some also listed in the PDG sum-
mary, which can not be described as cc¯ mesons. These X, Y and Z particles
are charmonium-like but are not consistent with any cc¯ spectrum predictions.
The lightest is X(3872) which was discovered by Belle in 2003 [6] and has
a narrow peak near 3872 MeV in the pi+pi−J/ψ invariant mass distribution
from B− → K−pi+pi−J/ψ decay. This discovery was confirmed by BaBar in the
same decay process [7]. Subsequently, additional X, Y and Z resonances were
found, most recently [8] the first charged charmonium-like structure Zc(3900)
which requires at least four quarks to have a non-zero electric charge. States
with confirmed JPC are listed in Table 1.
Table 1
Properties of X, Y and Z mesons with established JPC .
State Mass (MeV ) Γ(MeV ) JPC Decay Production B →
X(3872) 3871.4± 0.6 < 2.3 1++ pi+pi−J/ψ KX(3872)
or 2−+ γJ/ψ pp¯
Z(3930) 3929± 5 29± 10 2++ DD¯ γγ
Y (4008) 4008+82−49 226
+97
−80 1
−− pi+pi−J/ψ e+e−
Y (4260) 4260± 12 83± 22 1−− pi+pi−J/ψ e+e−
Y (4360) 4361± 13 74± 18 1−− pi+pi−ψ′ e+e−
Y (4660) 4664± 12 48± 15 1−− pi+pi−ψ′ e+e−
Theoretically, there have been many X, Y and Z investigations using a va-
riety of methods, such as perturbative NRQCD [9,10], lattice QCD [11,12],
effective field theory [13,14,15], QCD sum rule [16,17] and potential models
[18,19,20,21], all reviewed in detail elsewhere [22,23]. One plausible conjec-
ture [24,25,26] is these states are tetraquarks containing light, q = u or d,
and charm, c, quarks in different color schemes. In this paper we investigate
this further and consider two color combinations, the somewhat conventional
molecular (qc¯)1(cq¯)1 singlet-singlet [23] and the more exotic (qc)3¯(q¯c¯)3 triplet-
triplet (diquark) [27]. We reserve the term exotic for the latter since it entails
quarks in intermediate color states that are not singlets.
Our work is an extension of a previous light tetraquark study [5] utilizing the
Coulomb gauge [CG] model, first implemented to predict a glueball spectrum
[28,29] that was in good agreement with lattice QCD data. In this approach
the exact QCD Hamiltonian in the Coulomb gauge is replaced with an effective
field theoretical relativistic Hamiltonian. The bare parton (current quark and
gluon) field operators are dressed by a Bardeen, Cooper and Schrieffer [BCS]
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rotation and variational ground state (vacuum) minimization. This generates
a non-trivial vacuum in which chiral symmetry is dynamically broken and
quark/gluon constituent masses and condensates emerge. The hadrons are
represented as quasiparticle excitations using many-body techniques such as
Tamm-Dancoff and random phase approximations. This method was subse-
quently applied to mesons [30,31,32], hybrids [33,34,35,36] and light tetraquark
states [5,37].
This paper is organized into five sections. Section 2 specifies the CG model
which is then applied to hidden charm tetraquark states in section 3. Numer-
ical results are presented and discussed in section 4 followed by a summary,
section 5, detailing conclusions and future work.
2 The QCD Coulomb gauge model
The CG model provides a comprehensive, systematic approach to hadron
structure. It is applicable to both quarks and gluons, light and heavy me-
son and baryon ground and excited states for any flavor and exotic systems
involving different combinations of quarks and gluons in various color schemes.
It also permits consistent Hamiltonian dynamical mixing between states of en-
tirely different dressed partons while providing insight characteristic of a wave
function picture. As further discussed below there are additional attractive
theoretical features and it is significant to note that there are no free model
parameters as the two dynamical constants, the string tension σ and Coulomb
interaction αs, are predetermined from the literature.
The exact QCD Hamiltonian in the Coulomb gauge [38] is
HQCD =Hq +Hg +Hqg +HC (1)
Hq =
∫
dxΨ†(x)[−iα ·∇+ βm]Ψ(x) (2)
Hg =
1
2
∫
dx
[
J −1Πa(x) ·JΠa(x) + Ba(x) ·Ba(x)
]
(3)
Hqg = g
∫
dx Ja(x) ·Aa(x) (4)
HC =−g
2
2
∫
dxdyρa(x)J −1Kab(x,y)J ρb(y) , (5)
where g is the QCD coupling constant, Ψ is the quark field with current quark
massm, Aa = (Aa, Aa0) are the gluon fields satisfying the Coulomb (transverse)
gauge condition, ∇ · Aa = 0, (a = 1, 2, ...8), Πa = −Eatr are the conjugate
momenta and
Eatr = −A˙a + g(1−∇−2∇∇·)fabcAb0Ac (6)
3
Ba =∇×Aa + 1
2
gfabcAb ×Ac, (7)
are the non-abelian chromodynamic fields. The color densities ρa(x) and quark
currents Ja(x) are
ρa(x) = Ψ†(x)T aΨ(x) + fabcAb(x) ·Πc(x) (8)
Ja(x) = Ψ†(x)αT aΨ(x), (9)
where T a = λ
a
2
and fabc are the SU(3) color matrices and structure con-
stants, respectively. The Faddeev-Popov determinant, J = det(M), of the
matrix M = ∇ · D, with covariant derivative Dab = δab∇ − gfabcAc, is a
measure of the gauge manifold curvature and the kernel in Eq. (5) is given by
Kab(x,y) = 〈x, a|M−1∇2M−1|y, b〉. The bare parton fields have the following
normal mode expansions (bare quark spinors u, v, helicity, λ = ±1, and color
vectors ˆC=1,2,3)
Ψ(x) =
∫ dk
(2pi)3
[uλ(k)bλC(k) + vλ(−k)d†λC(−k)]eik·xˆC (10)
Aa(x) =
∫ dk
(2pi)3
1√
2k
[aa(k) + aa†(−k)]eik·x (11)
Πa(x) = −i
∫ dk
(2pi)3
√
k
2
[aa(k)− aa†(−k)]eik·x. (12)
Our model’s starting point is the Coulomb gauge QCD Hamiltonian. We then
make the following substitutions: 1) replace the exact Coulomb kernel with
a calculable confining potential; 2) use the lowest order, unit value for the
Faddeev-Popov determinant. Therefore, HC in the CG model Hamiltonian
becomes
HCGC =−
1
2
∫
dxdyρa(x)Vˆ (|x− y|)ρa(y). (13)
The confining and leading canonical interaction is represented by a Cornell
type potential Vˆ (r) = −αs/r+σr. Previous studies with this interaction were
in good agreement with both lattice glueball masses [28] and the observed me-
son spectrum [31]. Performing a fourier transform, the potential in momentum
space is
V (|k|) = −4piαs
k2
− 8piσ
k4
. (14)
Next, hadron states are expressed as BCS vacuum |Ω〉 excitations involving
dressed quark (antiquark) Fock operators B†λC, DλC related to the bare oper-
ators bλC, d
†
λC by the rotation
4
BλC(k) = cos
θ(k)
2
bλC(k)− λ sin θ(k)
2
d†λC(−k) (15)
DλC(−k) = cos θ(k)
2
dλC(−k) + λ sin θ(k)
2
b†λC(k), (16)
where θ(k) is the BCS angle. Correspondingly, the dressed Dirac spinors are
Uλ(k) = 1√
2

√
1 + sinφ(k)χλ√
1− sinφ(k)σ · kˆχλ
 (17)
Vλ(−k) = 1√
2
−
√
1− sinφ(k)σ · kˆχλ√
1 + sinφ(k)χλ
 , (18)
where φ(k) is the gap angle from the gap equation that minimizes the energy
of the BCS vacuum [35] and is related to θ(k) by tan(φ(k)− θ(k)) = m/k.
The four model parameters have all been predetermined [32]. The light and
charm bare quark masses are 5 MeV and 1350 MeV , respectively, while the
two dynamic constants are σ = 0.18 GeV 2 and αs =
g2
4pi
= 0.4. This few pa-
rameter, constrained model has successfully described meson, hybrid, glueball
and light tetraquark systems yielding results agreeing with experimental and
lattice data.
3 Application to hidden charm tetraquark states
For this heavier tetraquark system, the quark (antiquark) cm momenta are
ki=1,2,3,4 and the following wave function ansatz is adopted
|ΨJPC〉 =
∫
dk1dk2dk3dk4δ(k1 + k2 + k3 + k4)Φ
JPC
λ1λ2λ3λ4
(ki)
×RC1C2C3C4B†λ1C1(k1)B†λ2C2(k2)D†λ3C3(k3)D†λ4C4(k4)|Ω〉. (19)
The expression for the matrix RC1C2C3C4 depends on the specific color scheme se-
lected. As depicted in Fig. 1, the SUc(3) color algebra for four quarks produces
81 color states, 3⊗ 3¯⊗3⊗ 3¯ = 27⊕10⊕ 1¯0⊕8⊕8⊕8⊕8⊕1⊕1 of which two
are overall color singlets that can be obtained in four different schemes (only
two are independent) depending on the intermediate coupling of two quarks:
singlet-singlet (molecule), octet-octet and two diquark schemes triplet-triplet
and sextet-sextet. In this article we focus on singlet-singlet (molecule) and
triplet-triplet (diquark) schemes, which provide the lightest states.
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Fig. 1. Four tetraquark color schemes. One is a singlet-singlet molecule while the
other three are more exotic atoms (octet and two diquark schemes).
For the diquark configuration, the wave function is
ΦJPCλ1λ2λ3λ4(ki) = F
JPC(ki)〈1
2
1
2
λ1λ2|SAλA〉〈1
2
1
2
λ3λ4|SBλB〉〈SASBλAλB|Sλ〉
〈LALBmAmB|lm〉〈lLImmI |LM〉〈SLλM |JMJ〉Y mALA (kˆA)Y mBLB (kˆB)Y mILI (kˆI),
where Y mL (kˆ) is the spherical harmonic function, while SA(B), LA(B) and LI
are the A(B) diquark total spin, orbit angular momentum and orbit angular
momentum between the two diquarks, respectively. The radial wave function,
F JPC(ki), is chosen to be a Gaussian, exp(− k
2
A
α2A
− k2B
α2B
− k2I
α2I
), where kA, kB
and kI are respectively kA =
k1−k2
2
, kB =
k3−k4
2
, kI =
k1+k2
2
− k3+k4
2
and
αA, αB and αI are the variational parameters. The molecular wavefunction is
similar and now A and B denote the (qq¯)1 and (cc¯)1 quantities, respectively.
The (qc¯)1(q¯c)1 molecule is symmetric in A and B.
The variational mass is then given by
MJPC =
〈ΨJPC |HCG|ΨJPC〉
〈ΨJPC |ΨJPC〉 = Mself +Mqq +Mqq¯ +Mq¯q¯ +Mannih , (20)
where the subscripts indicate the contribution from the single particle quark
self energy and two particle qq, qq¯, q¯q¯ scattering and qq¯ annihilation, respec-
tively. All contributions to the tetraquark mass are diagramed in Fig. 2.
Using the above specified Hamiltonian and wave function, the self energy term
can be reduced to
Mself =
4∑
i=1
∫ dk1
(2pi)3
dk2
(2pi)3
dk3
(2pi)3
dk4
(2pi)3
Φ†JPCλ1λ2λ3λ4(k1,k2,k3,k4)
×Ei(ki)ΦJPCλ1λ2λ3λ4(k1,k2,k3,k4), (21)
where the single particle energy is given by
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Fig. 2. Equal-time diagrams for tetraquarks. The first four diagrams are for the
kinetic and self energy. The last diagram is for the annihilation term and the others
are for the qq, qq¯ and q¯q¯ interactions.
Ei(ki) =misin θ(ki) + kicos θ(ki)− 2
3
∫ dq
(2pi)3
V (|q|)[sin θ(ki) sin θ(q)
+ cos θ(ki)cos θ(q)qˆ · kˆi]. (22)
Similarly, the two particle contributions can be evaluated yielding
Mqq =−2
3
∫ dkA
(2pi)3
dkB
(2pi)3
dkI
(2pi)3
dq
(2pi)3
U †λ′1(k
′
1)Uλ1(k1)U †λ′2(k
′
2)Uλ2(k2)
×V (|q|)Φ†JPCλ1λ2λ3λ4(k1,k2,k3,k4)ΦJPCλ′1λ′2λ′3λ′4(k
′
1,k
′
2,k
′
3,k
′
4), (23)
Mqq¯ =
1
3
∫ dkA
(2pi)3
dkB
(2pi)3
dkI
(2pi)3
dq
(2pi)3
U †λ′1(k
′
1)Uλ1(k1)V†λ3(k3)Vλ′3(k′3)
×V (|q|)Φ†JPCλ1λ2λ3λ4(k1,k2,k3,k4)ΦJPCλ′1λ′2λ′3λ′4(k
′
1,k
′
2,k
′
3,k
′
4), (24)
Mq¯q¯ =−2
3
∫ dkA
(2pi)3
dkB
(2pi)3
dkI
(2pi)3
dq
(2pi)3
V†λ′1(k
′
1)Vλ1(k1)V†λ′2(k
′
2)Vλ2(k2)
×V (|q|)Φ†JPCλ1λ2λ3λ4(k1,k2,k3,k4)ΦJPCλ′1λ′2λ′3λ′4(k
′
1,k
′
2,k
′
3,k
′
4), (25)
where q is the momentum transfer k′1 − k1. Finally, the annihilation term is
Mannih =
1
3
∫ dkA
(2pi)3
dkB
(2pi)3
dkI
(2pi)3
dq
(2pi)3
× V†λ4(k4)Uλ1(k1)U †λ′1(k
′
1)Vλ′4(k′4)
×V (|q|)Φ†JPCλ1λ2λ3λ4(k1,k2,k3,k4)ΦJPCλ′1λ′2λ′3λ′4(k
′
1,k
′
2,k
′
3,k
′
4), (26)
where now q is the annihilation momentum k1 + k4. For the molecular case,
each qq¯ pair forms a subgroup and the corresponding wave function and mass
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formula are similar. The 12-dimension integrals are performed numerically
using the Monte-Carlo method.
4 Numerical Results
We calculated all possible states with Si = 0, 1 and/or Li = 0, 1 and the
numerical results for corresponding JPC are listed in Table 2. For model com-
pleteness and further comparative insight, we also list our cc¯g hybrid predic-
tions from an earlier publication [35]. It is clear that the diquark composition
is heavier than the corresponding molecular state. Even more significant is the
sensitivity to arrangement of flavor as (qq¯)1(cc¯1) states are much lighter than
(qc¯)1(q¯c)1 for the same Li, Si configuration. The CG model therefore predicts
that the lightest tetraquark states are molecules having quarks with the same
flavor in a color singlet (e.g. a ηηc or ωJ/ψ type flavor structure depending
upon spin).
For the s wave triplet-triplet tetraquark states, the mass changes little with
different spin. This is because there is a heavy charm quark in each color triplet
and the spin splitting decreases with heavier quark mass. For orbit angular
momentum 1, the triplet-triplet tetraquark mass increases about 300 to 400
MeV and all p wave tetraquarks have mass above 4400 MeV .
Similarly for the (qc¯)1(cq¯)1 states, the spin splitting is very small due to the
large charm quark mass in each color singlet, and again if either LA or LB
Table 2
Predicted spectrum for tetraquarks (singlet-singlet and triplet-triplet) and hybrid
mesons in MeV . Unless explicitly stated, all Li and Si are zero.
Li, Si J
PC (qq¯)1(cc¯)1 J
PC (qc¯)1(cq¯)1 (qc)3¯(c¯q¯)3 J
PC (cc¯)8g
Li, Si = 0 0
++ 3540 0++ 4129 4428 0++ 3945
LI = 1 1
−+ 3540 1−− 4129 4741 1−+ 4020
LA = 1 1
−− 4186 1−+ 4563 4826 1−+ 4155
LB = 1 1
−− 4026 1−+ 4565 4825 1−+ 4565
SA = 1 1
+− 3781 1++ 4137 4430 1++ 4100
SB = 1 1
+− 3538 1++ 4137 4430 1+− 3830
SA, SB = 1 0
++ 3783 0++ 4144 4405 0−− 4020
SA, SB = 1 1
++ 3783 1++ 4144 4419 3−+ 4615
SA, SB = 1 2
++ 3783 2++ 4144 4444 2++ 3965
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changes from 0 to 1 the mass increases, now about 430 MeV . For the (qq¯)1(cc¯)1
flavor arrangement, the mass does not depend on the cc¯ spin but increases
about 240 MeV if the spin of light quark subgroup changes from 0 to 1. The
mass increase due to larger orbit angular momentum is also flavor sensitive,
since for qq¯ p waves it is about 650 MeV , while for cc¯ p waves it is 490 MeV .
In Fig. 3, we compare predicted 1++ and 1−− tetraquark masses to observed
X and Y states. Only about half of the states have established JPC and to aid
determining quantum numbers it is noteworthy that the observed Y (4140),
X(4160), Y (4274) and X(4350) are comparable to the heaviest model 1++
states. If this identification proves correct, then the model predicts the Y (4140)
and X(4160) are molecular states consisting of either one or two spin 1 clusters
having a DD¯ flavor composition while the Y (4274) and X(4350) would be
exotic triplet-triplet states with a diquark composition.
Regarding the established JPC states, the predicted (qq¯)1(cc¯)1 1
++ mass is
3783 MeV , about 2% less than observed, suggesting the X(3872) may be a
molecular state with a ωJ/ψ flavor composition. Since the annihilation mass
contribution, Eq. (26), does not contribute in a qq¯ color singlet or isospin 1
configuration, our model also predicts a degenerate isovector 1++ state, now
having a ρJ/ψ molecular type structure, with mass near the recently observed
[8] charged Zc(3900).
Four 1−− tetraquark states are predicted with the lightest mass at 4026 MeV
which is close to Y (4008) discovered by Belle [39]. The masses of the next
Model
Y!4008"
Y!4260"Y!4360"
Y!4660"
X !3872" X !3915"X !3940"
Y!4140"X !4160"
Y!4274"X !4350"
PDG
1!! 1"" ?
3600
3800
4000
4200
4400
4600
4800
JPC
M
!MeV"
Fig. 3. Theoretical results (dashed lines) for 1++ and 1−− tetraquark states com-
pared to data (solid lines).
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two heavier molecular states are 4129 and 4186, which are comparable with
the unknown JPC Y (4140) and Y (4260). The states with masses 4026 MeV
and 4186 MeV have ηhc and h1ηc type structures, respectively, while the
state at 4129 MeV is a DD¯ type molecule. Because the Y (4260) decays to
pipiJ/ψ rather than DD¯, it is tempting to identify it with the model Y (4186)
especially if the Y (4140) has JPC = 1++, in contrast to 1++ discussed above. If
so a mixing analysis may be necessary since these two model states are close in
mass. The calculated mass of the triplet-triplet 1−− state is 4741 MeV which
is also near to the Y (4660) mass. This state would be an exotic diquark if this
assignment prevails. Lastly, for the observed 2++ Z(3930) listed in Table 1, the
model tetraquark states are either above or below this mass by over 150 MeV ,
however the predicted cc¯g hybrid mass of 3965 MeV (see Table 2) agrees quite
well. Similarly the 0++ hybrid at 3945 MeV is very close to the X(3915). This
state does not have established quantum numbers other than the G = +1
parity which is also the same as our hybrid prediction. The hybrid results are
quite firm since they include both hyperfine and the non-linear (non-Abelian)
component of the color magnetic fields (Eq. (7)).
Finally, it is interesting that the decay channels summarized in Table 1 are
consistent with the Coulomb gauge model flavor structure predictions for those
observed states. Specifically, for the predicted molecular state assignments
involving the X(3872), Zc(3900), Y (4008) and Y (4260) having a non DD¯
or D∗D¯∗ flavor structure, their decays would favor the observed pipiJ/ψ over
channels with D mesons. Related, the relative values of the 2pi widths, small,
1.2 MeV , for the X(3872) and over an order of magnitude larger, 46 MeV [8],
for the Zc(3900), are consistent with a 1
++ assignment since 2pi decay is isospin
violating for I = 0 but allowed for I = 1. For the diquark model states, detailed
decay calculations would be necessary to make firm predictions. Similarly, for
the undetermined JPC states, Y (4140) and X(4160), knowing their decays
would be a helpful identifying signature.
5 Summary
We have applied the Coulomb gauge model to tetraquark systems with hid-
den charm having two different color compositions, singlet-singlet and triplet-
triplet. Generally, triplet-triplet states are the heaviest for the same spin or
orbit angular momentum. For color singlet-singlet states, we further investi-
gated the flavor groupings corresponding to (qq¯)1(cc¯)1 versus (qc¯)1(q¯c)1 type
molecules (meson-meson states) and found that the same flavor color singlets
produce a lower mass. Also, the mass from the spin part decreases rapidly
with increasing quark mass, while the orbit angular momentum contribution
decreases slowly with increasing quark mass.
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Our key finding is the X(3872) mass is close to the predicted 1++ (qq¯)1(cc¯)1
state suggesting it is a conventional ωJ/ψ type molecule and not a more
exotic diquark tetraquark state. Four 1−− states are predicted, three molecular
and one triplet-triplet. Their masses are comparable with Y (4008), Y (4260),
Y (4360) and Y (4660). The masses of other states with undetermined JPC ,
most significantly the charged Zc(3900), are close to the calculated 1
++ results.
Therefore, the JPC number of these states could be 1++.
Future work will address several issues. The spin dependence will be further
studied now including the hyperfine interaction [32]. Also, a dynamic mixing
analysis will be performed involving qq¯ and qqq¯q¯ states having various flavor
distributions as well as mixing with glueball and hybrid meson exotic states.
Finally, the CG model will be applied to b quark systems to aid experimental
searched at higher energies.
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